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Abstract. In this paper, we study a time optimal internal control problem governed 
by the heat equation in Q x [0,oo). In the problem, the target set S is nonempty in 
L 2 (Q), the control set U is closed, bounded and nonempty in L 2 (Q) and control functions 
are taken from the set U a d = {u(-,t) : [0, oo) — > L 2 (Q) measurable; u(-, t) G U, a.e. in t }. 
We first establish a certain null controllability for the heat equation in Q x [0,T], with 
controls restricted to a product set of an open nonempty subset in Q and a subset of 
positive measure in the interval [0,T]. Based on this, we prove that each optimal control 
u*(-,t) of the problem satisfies necessarily the bang-bang property: u*(-,t) G dU for 
almost all t G [0, T*], where dU denotes the boundary of the set U and T* is the optimal 
time. We also obtain the uniqueness of the optimal control when the target set S is convex 
and the control set U is a closed ball. 

Key words. Bang-bang principle, time optimal control, null-controllability, heat 
equation. 
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1 Introduction 

Let O be a bounded domain in R n , n > 1, with a C°°-smooth boundary. Let u be an 
open subset of Q. Denote by \u) the characteristic function of uj. Consider the following 
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controlled heat equation: 

' y t (x,t) - Ay(x,t) = Xu(x)u(x,t) in Ox(0,oo), 

< y(x,t) = on dQx(0,oo), (1.1) 

k y(x,0) = y (x) in Q, 

where yo( - ) is a function in L 2 (f2) and u(x,t) is a control function taken from the set of 
functions as follows: 

U ad = {v : [0, oo) — > L 2 (f2) measurable; G £/ for almost all £ > 0}. (1.2) 

Here U is a closed, bounded and nonempty subset in L 2 (f2). Notice that the control 
function u is acted internally (or locally) into the equation (1.1). If uj — Q, we say that 
the control is acted globally into the equation. We shall denote by y(x,t;u,yo) or y(x,t) 
the solution of the equation (1.1) if there is no risk of causing confusion. 

In this paper, we shall study the following time optimal control problem: 

(P) Inf {t; y (•, t; u, y ) G S, u G U ad }. 

Where S is a nonempty subset in L 2 (Q). We call the set S as the target set, the set U as 
the control set, the set U a( i as the control function set and yo as the initial state for the 
problem (P). For simplicity, we shall call a control function as a control. The number 

T* = Inf {t; y(x,t;u,y ) G S, u G U ad ] 

is called the optimal time for the problem (P), a control u* G U a d having the property: 

y(x,T*;u*,y ) G S, 

is called an optimal control (or a time optimal control) for the problem (P), and a control 
u G U a d having the property: 

y(x, T; u, yo) G S for a certain positive number T, 

is called an admissible control for the problem (P). 

In this paper, we obtain that each optimal control u* for the problem (P) satisfies 
the bang-bang property: u*(-,t) G dU for almost all t G [0,T*]. We further show that 
if the control set U is a closed ball B(0,R), centered at the origin of L 2 (Q) and of 
positive radius R, then each optimal control u* for the problem (P) satisfies the property: 
\\Xu> u *(',t)\\L 2 (n) — R fo r almost all t G [0, T*\. We also prove the uniqueness of the 
optimal control for the problem (P), when the target set S is convex and nonempty and 
the control set U is a closed ball. Combining these with the existence result of time 
optimal controls obtained in [17], ( See also [14].) we derive that if the target set S is 
a closed, convex and nonempty subset, which contains the origin of L 2 (Q), and if the 
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control set U is the ball B(0,R), then the problem (P) has a unique optimal control u* 
satisfying the bang-bang property: \\x^ u *(^t)\\L 2 (n) — R f° r almost all t G [0,T*]. 

The bang-bang principle above can be explained physically as follows: If an out- 
side force u* , acted in an open subset u of ft and with the maximum norm bound: 
||u*(-,i)||i2(n) < R f° r almost all t, makes the temperature distribution in ft change from 
an initial distribution y (x) into the target set S in the shortest time T*, then u* takes 
necessarily the maximum norm for almost all t in [0, T*], namely, t) \\l 2 (ci) — R 

for almost all t G [0, T*\. This bang-bang principle is a weaker form if it is compared 
with the following stronger form: Ifu* is an optimal control of the problem (P) where the 
control function set is 

{u(x, t) G L°°(ft x [0, oo)); \u(x, t)\ < R for almost all (x, t)}, 

then \u*(x,t)\ = R for almost all (x,t) G ft x [0,T*]. 

In this work, we observe that the bang-bang principle for the problem (P) is based on 
the following null controllability property for the heat equation: 

(C) Let T be a positive number and let E be a subset of positive measure in the interval 
[0, T}. For each 5 > 0, we write E§ for the set {t G R 1 ; t + 5 G E} and denote by xe s ^e 
characteristic function of the set E$. Then there exists a number 5 with < 5o < T such 
that for each 5 with < 5 < 5q and for each element yo in L 2 (ft) ; there is a control us 
in the space L°°(0,T — 5; L 2 (ft)) such that the solution z s to the following controlled heat 
equation: 

' z s t (x,t) - Az 5 (x,t) =XE s (t) Xu (x)u s (x,t) m ftx(0,T-5), 

< z s (x,t) = on 9ft x (0,T-6), 

z s (x,0) = y (x) in ft, 

satisfies z 5 (x,T — 5) = over ft. Moreover, the control us satisfies the following estimate: 

II ||2 ^ t II ||2 

|P<5||L°°(0,T-<5;L 2 (n)) ^ ^WUoW L 2 (n)i 

where L is a positive number independent of 5 and y Q . 

It is well known that the null controllability (C) is equivalent to the following observ- 
ability inequality: 

(O) There exist positive numbers L and 5 with 5o < T such that 

[/ (/(z,0)) 2 ^ <L[ {[ [ X E s {t)xMp 5 {x,t)\ 2 dx}*-dt 
J u Jo Jn 

for each number 5 with < 5 < 5q and each function p s T (x) G L 2 (ft). Where p s (x,t) is 
the solution to the following adjoint equation: 

' p 6 t (x, t) + Ap 5 (x, t) = in ftx(0,T-5), 

< p 5 ( x ,t) = on dtt x (0,T-6), 

k p 5 (x,T -5) =p 5 T {x) in ft. 
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However the inequality (O) is not a trivial consequence of the Carleman inequality for 
linear parabolic equation given in [6]. We establish the property (C) by applying an 
iterative argument stimulated by that in [7]. (See also [8] and [12].) Our iterative argument 
is based on a sharp observability estimate on the eigenfunctions of the Laplacian, due to 
G. Lebeau and E. Zuazua in [8] ( See also [7].) and a special result in the measure theory 
given in [13]. 

It should be mentioned that the problem (P) may have no admissible control in many 
cases. For instance, if the target set S is a closed ball B(y 1: R) in L 2 (f2), centered at 
yi and of positive radius R and if the control set U is the closed ball 5(0, 1) in L 2 (Q), 
centered at the origin and of radius 1, then a necessary condition for the existence of an 
admissible control for the problem (P) is as follows: ( See [14].) 

||yi|U 2 (Q) < (1 + v-)(IM|.L2(n) + 1) + R, 
M 

where Ai is the first eigenvalue of the Laplacian. However, it was proved in [17] ( See also 
[14].) that when the target set S is the origin of L 2 (Q) and the control set is the ball 
B(0,R) with R > 0, then the problem (P) has at least one time optimal control. From 
this, it follows that if the target set S is a closed and convex subset, which contains the 
origin of L 2 (il), and if the control set U is the ball B(0,R) with R > 0, then the problem 
(P) has at least one optimal control. 

The time optimal control problems for parabolic equations have been extensively stud- 
ied in the past years. Here, we mention the works [14], [17], [18] and [19], where the 
existence of time optimal controls for linear and some semi-linear parabolic equations 
was investigated. We mention the works [10] and [20], where both the existence and 
the maximum principle of time optimal controls governed by certain parabolic equations 
were studied. We mention the works [1] and [9], where the maximum principle for time 
optimal controls was derived. We mention the works [3], [4], [5] and [11], where the 
bang-bang principle ( in the weaker form) for time optimal controls governed by linear 
parabolic and hyperbolic equations with the controls acted in the whole domain Q or the 
whole boundary <9f2 was established. We mention the work [16], where the bang-bang 
principle (in the stronger form) of time optimal controls for the heat equation where the 
control is restricted in the whole boundary was obtained. We mention the work [13], 
where the bang-bang principle (in the stronger form) for time optimal controls of the 
one-dimensional heat equation where the control is restricted in one ending point of the 
one-dimensional state space, was derived. Moreover, the authors in [13] observed that 
such a bang-bang principle is based on a certain exactly boundary null-controllability for 
the one-dimensional heat equation from arbitrary sets of positive measure in the time 
variable space. We also mention a more recent work [18], where the bang-bang principle 
(in the weaker form) of time optimal internal controls governed by the heat equation and 
with a ball centered at G L 2 (Q) and of a positive radius as the target was obtained. 
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Moreover, in [18], the bang-bang principle was obtained by a certain unique continuation 
property for the heat equation involving a measurable set, and the maximum principle 
for the optimal controls. 

This paper is organized as follows. In Section 2, we establish the null controllability 
(C). In Section 3, we give and prove the main results of the paper, namely, the bang-bang 
principle and the uniqueness of the optimal control for the problem (P). 

2 The null controllability (C) 

Let T be a positive number and £ be a subset of positive measure in the interval 
[0, T\. We denote by m(E) the Lebesgue measure of the set E in R 1 . For each 5 > 0, we 
write E s for the set {t E R 1 ; t + 5 E E} and denote by Xe s the characteristic function of 
the set E s . In what follows, we shall omit (x, t) (or t) in functions of (x, t) (or functions 
of t), if there is no risk of causing confusion. For each positive number 5, we consider the 
following controlled equation: 

' y t (x,t) - Ay(x,t) = XE 5 (t)xu,(x)u(x,t) in Qx(0,T-6), 

< y(x,t) = on dQx(0,T-5), (2.1) 

k y(x,0) = y (x) in fi, 

where y E L 2 (Vl) is a given function. The main result of this section is as follows: 

Theorem 2.1. Let T be a positive number and let E be a subset of positive measure 
in the interval [0,T]. Then there exists a positive number 5 with 5q < T such that for 
each number 5 with < 5 < 5q and for each element yo in the space L 2 (Q), there is a 
control us in the space L°°(0,T — 5; L 2 (Q)) with the estimate 

II II 2 ^ j || || 2 

\\ u s\\L°°(o,T-5;L 2 (n)) ^ ^\\yo\\L 2 (n) 

for a certain positive constant L independent of 5 and y Q , such that the solution y s (x,t) 
to the equation (2.1) with u being replaced by u$ reaches zero value at time T — 5, namely, 
y s (x,T -5) = overtt. 

The proof of Theorem 2.1 is based on a sharp estimate on the eigenfunctions of the 
Laplacian due to G. Lebeau and E. Zuazua ( See [8].) and a fundamental result in the 
measure theory, which will be given in the later. Let {Aj}"^, < Ai < A2 < • • •, 
be the eigenvalues of —A with the Dirichlet boundary condition and {Xi{x)} c ^ =1 be the 
corresponding eigenfunctions, which serve as an orthonormal basis of L 2 (fl). Then we 
have the following result. (See [8].) 

Theorem 2.2. There exist two positive constants C\, C2 > such that 
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for every finite r > and every choice of the coefficients {cii}\ t < r with a, 6 R 1 . 

Now, we shall first use Theorem 2.2 to derive a certain controllability result, which 
will help us in the proof of Theorem 2.1. For each r > 0, we set X r = span {Xi(x)} Xi < r , 
and consider the following dual equation: 

' ip t (x,t) + A<p(x,t) = in fix(0,T), 

< <p(x,t)=0 on <9fix(0,T), (2.2) 

, (p(x,T) G X r . 

Here, each element ip(x,T) in X r can be written as 

v(x,T) = J2 aiXi(x), 

\i<r 

for a certain sequence of real numbers {a^x^. Then the solution tp(x,t) to the equation 
(2.2) can be expressed by 

ip{x,t) = E aie" Ai(T "* ) X i (a;) for all t G [0,T]. 

\i<r 

Set 6i(t) = aie- A< ( T -*), t G [0,T]. Then by Theorem 2.2, we have 

£ IMOI 2 < Cie C2v/? / I E &i(f)*i(*)| 2 <& 

A,<r Jw A;<r 

= de c ^ [ \cp(x,t)\ 2 dx for all t G [0,T]. 

On the other hand, 



-2A;T 



Ai<r Ai<r A;<r 

= f ^ 2 {x,0)dx for all t G [0,71. 
Jn 

Hence, 

/ y? 2 (:r,0)d:r < C x e c ^' ( \(p(x,t)\ 2 dx for all t G [0,T], 

or equivalently, 

[/ ^ 2 {x,0)dx}^ <{C ie C2 ^[f \ V {x,t)\ 2 dx}^ for all t G [0, T], 

from which, it follows that 

/ [/ <f 2 (x,0)dx}^dt<(C 1 e C2 ^ [ [[ \<p(x,t)\ 2 dx^dt. 
Je Jn Je Jlo 
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Namely, we obtained that for each <p(-,T) e X r , 

/ ^ 2 (x,0)dx < ^f^ iflf \XE(t) Xt ,(xMx,t)\ 2 dx}^dt} 2 

Jq [m{h)Y Jo Jn / o\ 

de c ' 2V7 2 1 ' 

= (m(E) ) 2 " XeXu<p 1 1 * 1 (°> T -> L2 ( Q )) " 

Write P r for the orthogonal projection from L 2 (Q) to X r . We next use (2.3) to obtain 
the following controllability result. 

Lemma 2.3. For each r > 0, there exists a control u r in the space L°°(0, T; L 2 (Q)) 
with the estimate 

IKIU<»(0 ) T;L»(n)) < ( m (_g;))2ll^lli 2 (n)' ( 2 - 4 ) 

such that P r (y(-,T)) = 0, where y(x,t) is the solution of the equation (2.1) with 5 = 
and u = u r , and where C\ and C 2 are the positive constants given in Theorem 2.2. 

Proof: Let y(x,t) be the solution of the equation (2.1) with 5 = and let <p(x,t) be 
a solution of the equation (2.2). Then 

< y(-,T), <p(-,T) >-< y (-), <p(-,0) >= f f XE(t)x u (x)u{x,t)<p(x,t)dxdt. 

Jo Jn 

Here and in what follows, < •, • > denotes the inner product in L 2 (Q). If we can show 
that < y{-, T), y?(-, T) >= for all <p(x, T) E X r , then P r {y(; T)) = 0. Thus, it suffices to 
prove that there exists a control u r £ L°°(0,T; L 2 (il)) with the estimate (2.4) such that 

- < 2/o(0> ^(-,0) >= f [ XE(t)xMu r (x,t)(p(x,t)dxdt for all <p(;T) E X r . 

Jo Jn 

Now, we set 

Y r = {xE(t)Xui(x)(p(x, t); ip(x,t) is the solution to the equation (2.2) with (p(-,T) e X r }. 

It is clear that Y r is a linear subspace of L 1 (0, T; L 2 (Q)). We define a linear functional 
F r : Y r — * R 1 by F t (xeX^ 1 p) — ~ < Vo(-), <f(', 0) >. By the inequality (2.3), we see that 

\F r {xEX^)\ 2 < \\yo\\h(fl) ■ lk(-,o)||| 2(n) 

Cie C2V¥ n 2 2 
- (m(E)) 2 " y °" L2(n) ' \\ XEXu(p ^(o,T;i^(si)y 

Namely, 

IIFI|2< c ie ^ 



where ||F r || denotes the operator norm of F r . Thus, F r is a bounded linear functional on 
Y r . By the Hahn-Banach Theorem, there is a bounded linear functional 

G r : L^O, T;L 2 (ft)) -> R 1 

such that 

G r = F r on Y r , 

and such that 

\\r II 2 — IIP II 2 <r 1 il, ii 2 

Then, by making use of the Riesz Representation Theorem in [2], ( See p. 61, [2].) 
there exists a function u r in the space L°°(0,T; L 2 (£l)) such that 

GJf)= [ [ fu r dxdt for all / G L\0,T; L 2 (tt)), 
jo Jn 



and such that 

1^111=0(0,^(0)) = ll G r|| 2 < ( m ( jB ))2l^°lli 2 (^)- 



In particular, 

F r (XEX^) = [ [ XEXuVUrdxdt for all XeX^V e Y r . 

JO J SI 

Namely, 

- < J/o(0» </?(•> °) >= / / XEX^u r dxdt for all G X r . 

JO JQ 

This completes the proof.! 

The following lemma from the measure theory will be used in our later discussion, 
whose proof can be found in [11]. ( See p. 256-257, [11].) 

Lemma 2.4. For almost all t in the set E, there exists a sequence of numbers {U}^ 
in the interval [0, T] such that 

ti < ■ ■ ■ < U < t i+ i <•••<£, U — > t as i — > oo, (2.5) 

m(E n [U, t i+1 }) > p{t l+l - U), % = 1, 2, • • • , (2.6) 



and 

<C , i = l,2,.-., (2.7) 



t'i+l ~ ti 



ti+2 — U+l 

where p and Cq are two positive constants. 
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Now we are going to prove Theorem 2.1. Before proceeding the proof, we introduce 
briefly our main strategy. By applying Lemma 2.4, there exist a number t and a sequence 
{^n}n=i m the interval (0, T) such that (2.5)-(2.7) hold. The main part of the proof is to 
show that for each yo in L 2 (Q), there exists a control u in the space L°°(ti,t; L 2 (Q)) with 
the estimate H^H^oo^ t-L 2 (n)) — M\Vo\W 2 (n) f° r a cer tain positive constant L independent 
of y , such that the solution y(x,t) to the equation: 



y t (x,t) - Ay(x,t) 
y(x,t) = 
y(x,t x ) = y (x) 



in Q x ( t 1 , t ), 
on <9f2 x ( t 1; t ), 
in f2, 



has zero value at time t, namely y(x, t) = over Q. To this end, we write 



(2- 



= U ( 7 atU Jjv), 

AT=1 

where 7^ = [i2jv-i, ^2At] and = [i 2 jv, i2jv+i], = 1,2, • • •. Then we choose a suitable 
sequence of positive numbers {rjy}^^ having the following properties: 

(a) n < r 2 < • • • < r N < ■ ■ ■ , 

(b) rjv — > oo as — > oo. 

On the subinterval Jat, we control the heat equation with a control mat restricted on the 
subdomain uj x (In HE) such that P rN {yN(-,t2N)) = 0, where P rjv denotes the orthogonal 
projection from L 2 (Q) onto span {X i (x)} r i = 1 . On the subinterval J N , we let the heat 
equation to evolve freely. We start with the initial data for the equation on I\ to be y . 
For the initial data on 1^, N — 2, 3, • • •, we define it to be the ending value of the solution 
for the equation on J/v-i- The initial data of the equation on J^, N = 1, 2, • • •, is given 
by the ending value of the solution for the equation on 1^. Moreover, by making use of 
Lemma 2.3 and Lemma 2.4, we will show that there is a sequence {rjv}^ =1 , having the 
properties (a) and (b) as above, such that the L°°(/Ar; L 2 (f2))-norm of the control Mat is 
bounded by ||yo||z, 2 (o) f° r a certain positive constant L independent of iV and yo- Then, 
we construct a control u by setting 



u(x, t) 




x eCl, te I N , N = 1,2, • 
x G Q, teJ N , N = 1,2, 



We can show that this control u makes the corresponding trajectory y of the equation 
(2.8) have zero value at time t. 
Now, we set 

u(x, t), in f2 x (ti, i): 
0, infi x ((0,T)\(ii,t)) 



u(x, t) 



and take yo to be ip(x, ti), where ip(x, t) is the solution of the heat equation on Q x (0, t\) 
with the initial data y . Then it is clear that this control u makes the trajectory y(x,t) 
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of the equation (2.1) with 5 = have zero value at time T. Moreover, |M||<x>( 0T .£,2(q)) < 
^ll2/o||i2(fi)- 

We next replace the sequence {t;v}jv=i and the number t by the sequence {t^ — 5}at=i 
and the number (t — 5) respectively, where the number 5 is such that < 8 < t±. Then 
by making use of the same argument as above, we obtain that for each number 5 with 
< S < ti, there exists a control us in the space L°°(0,T — 5; L 2 (il)) with the estimate 
ll^lll^ro T-6-L 2 (n)) — ^sWuolW^tn) f° r a certain positive number Ls independent of yo, such 
that the corresponding solution y 5 to the equation (2.1) reaches zero value at time T — 5, 
namely, y s (x, T — 5) = over f2. We finally prove that Ls = L is independent of 5. 

Now we turn to prove Theorem 2.1. 

Proof of Theorem 2.1. Without loss of generality, we can assume that C\ > 1, 
where C\ is the positive constant given in Theorem 2.2. By making use of Lemma 2.4, we 
can take a number t in the set E with t < T and a sequence {£at}^ =1 in the open interval 
(0, T) such that (2.5)-(2.7) hold for certain positive numbers p and C and such that 

t-h < Min{Ai, 1}. 

We shall first prove that for each y in L 2 (f2), there exists a control u in the space 
L°°(ti,t; L 2 (il)) with the estimate \\uf LO o {t j. L 2 m < L \\ y^\W 2 (Q.) f° r a certain positive 
constant L independent of y , such that the solution y to the equation (2.8) reaches zero 
value at time t, namely, y(x, t) = over Q. 

To this end, we shall use the strategy presented above. We set In = feiv-i, ^n], 
Jn = [t 2 N, t 2N+ i] for N = 1, 2, • • .. Then 

oo 

h,t)= U(^U^)- 

N=l 

Notice that for each N > 1, it holds that m(E n In) > 0. 

Now, on the interval I\ = [^1,^2], we consider the following controlled heat equation: 

y[(x,t) - Ayi(x,t) = XE{t)xMui{x,t) in ilx(t 1 ,t 2 ), 

yx(x,t)=0 on dilx(t 1 ,t 2 ), 

yi(x,ti) = y (x) in Q. 

By Lemma 2.3, for any T\ > 0, there exists a control Ui in the space L°°(t 1: t 2 ; L 2 (£l)) 
with the estimate: 

(7 ie C*2v^l 

ll«i|li- (tlitaiLa(n)) < {m{En[tlM) y\\y°\\hn)i 
such that P ri (y 1 (-,t 2 )) = 0. Then, by (2.6) and (2.7) in Lemma 2.4, we see that 

ll u illi<»(ti 1 t 2 ;L2(n)) ^ p 2( t2 _ tl )2 ll2/ollz-2(n) 

c 

E S^i?" aill * (0) ' 
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where ai = e 02 ^ 1 . Moreover, we have 



||3/i(-,f2)||i 2( n) < ||2/i(-,*i)Hi 2( o) + XT [ t2 \\M;s)\\h (n) ds 



< \\vo\\ 



< 2 



+ 



(t'2-tl) 

Ai 



L°°(ti,t 2 ;L 2 («)) 



^ (t2 _ tl) 2-«iWi» ( o)- 



Here we have used the facts that (i 2 — £i) < Min (Ai, 1), p < 1 and C\ > 1. 

On the interval Ji = [£ 2 ,£ 3 ], we consider the following heat equation without control: 



' z[(x,t) - Azi(x,t) = 

£) = 
k 2iOM 2 ) = yi(x,t 2 ) 



in x (t 2 ,*3), 
on dQ x (£ 2 ,£ 3 ), 
in n. 



Since P n (yi(-, £ 2 )) = 0, we have 



IM-,* 3 )||l 2(n) < ex P (-2n(* 3 - * 2 )) • I|yi(-,i2)||l 2(n) 

^ 2 f ?(t2-t 1 y ai ' exp (_2ri(t3 " t2)) ' H^'W 

On the interval I 2 = [£ 3 ,tt], we consider the controlled heat equation as follows: 



y' 2 (x,t) -Ay 2 (x,t) = XE{t)Xu{x)u 2 {x, t) 
y 2 (x,t) = 

k V2(x,t 3 ) = 2i(x,* 3 ) 



in Q x (t 3 , i 4 ), 
on dil x (i 3 , t 4 ), 
in Q. 



Then by Lemma 2.3, for any r 2 > 0, there exists a control u 2 in the space L°°(ts, £ 4 ; L 2 (VL)) 
with the estimate: 



< 



ll^llio C(43it4;L2(f , )) _ m(En[t3)t4]))2 



such that P r2 (y 2 (- : £4)) = 0. By (2.6) and (2.7) in Lemma 2.4, we get 



INI 



c 



L-(t 3 ,t 4 ;L 2 (n)) < 2 ( p 2( t2 _ ti y) Co • a l • a 2 • ||Z/o||l2(Q) 



where ct 2 = exp (C 2A /r 2 ")exp (— 2ri(i 3 — t 2 )). Moreover, it holds that 



||S/2(-,t4)|||2 (n) < \\zi(-,h)\\l HQ) + -(U-t 3 )\\u 2 \\l 



<2 2 ( 



Ci 



3 (t 3 ,*4;i 2 (n)) 



^— — ) C • «i • a 2 • l|yo|L 2( a)- 
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On the interval J 2 = ^4,^5], we consider the following heat equation without control: 



' z' 2 (x,t) - Az 2 (x,t) = 

z 2 (x,t) = 
k z 2 (x,t 4 ) = y 2 (x,t 4 ) 



in Q x (t 4 , t 5 ), 
on <9f2 x (t 4 , t 5 ), 
in f2. 



Since P r2 (?/ 2 (-, t 4 )) = 0, we have 

IM->*5)||ia(n) < ex P (-2r 2 (t 5 -t4))lb 2 (-,t4)||| 2(n) 
< 2 2 



C 

) 2 Co • ai • a 2 • ||yo||ia(n) • exp (-2r 2 (t 5 - U)). 



P 2 (t 2 -t^ 

On the interval I 3 = [is^], we consider the following controlled heat equation: 



' Z/3OM) -&y 3 (x,t) =XE(t)xu(x)u 3 (x,t) 

y 3 (x,t) = 
k yz{x,h) = z 2 (x,t 5 ) 



in Q x (t 5 ,t 6 ), 
on <9f2 x (t 5 , t 6 ), 
in f2. 



Then by Lemma 2.3, for any r 3 > 0, there exists a control u 3 in the space L°°{t§, t&\ L 2 (Vl)) 
with the estimate: 

lk3|||oo (t5it6;L2(n)) < (m( ^n [ i 5 ^ 6])) 2ll^(^5)||i 2( n ) , 
such that P r3 (y 3 (-, t^)) = 0. By making use of (2.6) and (2.7) again, we get 



l M 3||ioo (i5ji6 . L 2 (n)) < 2 2 < 



^1 \3/^y4 /^y4-2 II ~ II 2 

)G -G • ai • a 2 • "3 • ||j/o||i,3fn)» 



> 2 (t 2 -ti) 2 

where a 3 = exp (C^v^i) ex P (-2r 2 (t 3 - t 2 )Co~ 2 ). 

Generally, on the interval In, we consider the controlled heat equation 



' J/jvOM) ~ Ay N (x,t) = XE(t)xu,(x)u N (x,t) 
y N (x,t) = 

, yN{X, t 2 N-l) — Zn-i(x, t 2 N-l) 



in Q x (i 2 jv-i,*2jv), 
on dQ x (t 2N -!,t 2N ), 
in Q. 



On the interval Jjv, we consider the following heat equation without control: 



z' N (x,t) - Az N (x,t) = 
zn(x, t) — 
z N (x,t 2N ) = y N (x,t 2N ) 



in Q x (t 2 jv,*2jv+i), 
on <9fi x (t 2N ,t 2N+1 ), 
in f2. 



Then by making use of induction argument, we can obtain the following: For each > 0, 
there exists a control un in the space L°°(In; L 2 (Q)) with the following estimate: 



\\ U N\\L°°(I N ;L2(n)) 

< 2 N -^ 1 



> 2 (*2-tl) 



/^4-2 /-»4(AT-1) ii~ ii 2 

2 ) ^0 ' °0 '"^O ' a l ' a 2 • • • ®n ■ \\yo\\L 2 ({l)i 
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where 

J e^(C 2V /^), iV = l, , , 

" I «p (C 2v ^7) exp (-2r Ar _ 1 (i 3 - t 2 )C - 2(iV - 2) ), iV > 2, 1 ^ 



snc/i t/iat P rjv (yjv(-, i 2 jv)) = 0. It is easily seen that for each N > 1, 

lkiv|||oc (/jv;L 2 (n)) < (C , ) JV{ ^ 1) «i---ajv • ||j/o||ia ( n), (2.10) 

where 



2Ci 
P 2 (t 2 -ti) 

Now, we set 



^ = [t-^-t^- 1 ] 4 = [A • C^ 1 ] 4 , N >1. (2.12) 

Because we have C > Cq > 1 and t 3 — t 2 < 1, it holds that 

2 4 < ri < r 2 < • • • < r N < r N+1 < • • • , and r N — > oo as iV — > oo. 
Moreover, we have 

t-tv-i^ - t 2 )C,7 2(JV_2) > 2 for each N >2. 

Then we get 

exp {-2rjv_i(t 3 - t 2 )C ~ 2(A ^ 2) } < exp (-4r^_J) for each N > 2. (2.13) 

Since 

f<N(N-l) pyN(N-l) 

C^- 1 )exp(-r w _ 1 ^ ^- r < 



(exp(r JV -i3)) r "-i 3 (exp (2C JV - 1 )) r "-i a 
< r 

for each iV > 2, we derive from (2.12) that there exists a natural number N\ with N\ > 2 
such that for each N > N±, 

C^-Vexp (-rjv-J) < 1. (2.14) 
By making use of (2.12) again, we obtain that for each N >2, 

exp (C 2 >Av) exp (-rjv_J) = exp (C 2 A 2 C ,2(Ar ~ 1) ) exp (-A 3 (5 3(Ar ~ 2) ). 
Thus, there exists a natural number iV 2 with N 2 > 2 such that for each iV > jV 2 , 

exp (C 2 y/r N ) exp (-rjv_i*) < 1. (2.15) 

13 



Now we set 

N = max {Ni, N 2 }. (2.16) 
Then by (2.13), (2.14) and (2.15), we see that for all N > N , 

C N ^a N 

= CW-Vexp (C 2 ^? N ) exp (-2^^ - t 2 )C^ N ~ 2) ) 

< C N ^ N -%xp (C 2y /¥ N )exp (-4r N -J) 1 ' ) 

< exp (-2r N -!*). 

Moreover, it is obvious that 

a N < 1 for all N > JV . (2.18) 

Now, we set 

L = max{(C) N{N - 1) a 1 ---a N , 1<N<N }. (2.19) 
It follows from (2.10), (2.17), (2.18) and (2.19) that for all N > 1, 

\\ u N\\ 2 L^(i N - L 2(n)) < £||yo||i,2(n)- (2.20) 
Then we construct a control u by setting 

u(x,t) = h N ^ Xe n'l eI i r '^\ ( 2 - 21 ) 

v ' ; | 0, x e SI, t e Jjv, N > 1, v ; 

from which and by (2.20), we easily see that the control u is in the space L°°(ti,t; L 2 (Sl)) 
and satisfies the estimate: 

IMlWiAZ^)) ^ L \\yo\\h(n)- 

Let y be the solution of the equation (2.8) corresponding to the control u constructed in 
(2.21). Then on the interval 1^, y(-,t) = y^(-,t). Since P rN {yN{-,t2N)) = for all iV > 1 
and r\ < r 2 < • • • < < • • •, by making use of (2.21) again, we see that 

P rN (y(;t2M)) = for all M>N. (2.22) 

On the other hand, since £ 2 m —> t as M — > oo, we obtain that 

y(-, *2m) — *■ y(', t ) strongly in L 2 (Q), as M — > oo. 

This, together with (2.22), implies that P rN (y(-,t )) = for all N > 1. Since r^r — > oo 
when iV — * oo, it holds that y(-,t ) = 0. Thus, we have proved that for each yo e L 2 (f2), 
there exists a control w G L°°(t 1 ,t; L 2 (Q)) with the estimate - t j. l2 (q\\ — MlVoWi^^j 

where the constant L is given by (2.19), such that the solution y to the equation (2.8) 
reaches zero value at time t, namely, y(x, t ) — over Q. 
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Now, we take yo(x) to be tp(x,ti), where ip(x,t) is the solution to the following equa- 
tion: 

f ip t (x,t) - Aip(x,t) =0 

ii(x,t) = o 



. ^(x,0) = y (x) 
and construct a control u by setting 



in Vt x (0, ti), 
on dQ. x (0,ti), 
in Q 



u(x, t) 



r o 

u(x, t) 




in Q x (0, ti), 
in x (ti,t ), 
in Q x (t,T). 



(2.23) 



It is clear that this control u is in the space L°°(0,T; L 2 (Q)) and that the corresponding 
solution y of the equation (2.1) with 5 = reaches zero value at time T, namely, y(x, T) = 
over f2. Moreover, the control u constructed in (2.23) satisfies the following estimate: 

nil 2 t II ii2 

\\ u \\L°°(0,T;L 2 (n)) ^ ^\\yo\\L' 2 (Q,)i 

where L is given by (2.19). 

Next, we take 5 to be the number ti given above. For each 5 with < 5 < 5 , we set 

ts = t — 5 and t^s = — 5 for all iV = 1, 2, • • • . 

Then it holds that 

< *i lfi < t 2) * < • • • < t N;S ^t s <T-5. 
Moreover, we have for each N > 1, 



and 



m(£ 5 n [*jv j( j,*jv+i,(j]) = rn(E H [£jv,£jv+i]) > P^at+i - £jv), 

£aT+1,<5 — ^V,<5 t N+ i tjy 



where C and p are the positive constants as above. 

Now, we can use exactly the same argument as above to get for each 5 with < 5 < 5o, 
the existence of a control us(t) in the space L°°(0, T— 5; L 2 (Q)) such that the corresponding 
solution y s to the equation (2.1) reaches zero value at time T — 5, namely, y s (x,T — 5) = 
over Q. Moreover, this control u$ satisfies the following estimate: ( See (2.9)-(2.12) and 
(2.19).) 

\\ u s\\ L°°(o,T-5;L 2 (n)) < L 5 ■ ||yo||i2(n)- 
The constant Lg is given by 



U = max {(Csf^a^s • • • a N , s , 1<N< N }, 
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where 



C 5 



2d 




P 



> 2 (h,s -h, s ) 



and 



oln,& — 



exp (C 2v /rT7), 



N=l, 
), N>2, 



exp (C 2v /r^7) exp (-2r N - 1} s(t 3iS - t 2 ,s)C 



~2(N-2) 



with 



and where the natural number N is given by (2.16). Since 




tN+i,6 ~ In,s — tN+i — tN, for all N — 1, 2, • • • , 



we see easily that C$ — C and ajv,<5 = ^jy for all TV > 1. Then it holds that L$ = L for 
all 5 with < 5 < 5 . This completes the proof.! 

3 The bang-bang principle for time optimal control 

In this section, we shall prove the main result of the paper, namely, each optimal control 
for the problem (P) satisfies the bang-bang principle in the weaker form. Moreover, we 
shall show the uniqueness of the optimal control for the problem (P), when the target 
set S is convex and the control set is a closed ball. Throughout of this section, we shall 
denote by y(t;u,yo) the solution of the equation (1.1) corresponding to the control u 
and the initial data yo, and write {G(t)} t >o for the semigroup generated by A with the 
Dirichlet boundary condition. 

Theorem 3.1. Suppose that the control set U is closed, bounded and nonempty in 
L 2 (Q) and the target set S is nonempty in L 2 (Q). Let T* be the optimal time and u* 
be an optimal control for the problem (P). Then it holds that u*(t) G dU for almost all 
t G [0, T*\. If we further assume that x<JJ C U , then it holds that x^u*(t) G dU for 
almost allte [0,T*]. 

Proof of Theorem 3.1. Seeking a contradiction, we suppose that there exist a 
subset E of positive measure in the interval [0, T*\ and a positive number e such that the 
following holds: 



where d(u*(t),dU) denotes the distance of the point u*(t) to the set dU in L 2 (Q). Then 
we would get 



u*(t) G U and d(u*(t), dU) > e for each t in the set E, 



B(u*(t),-) C U for each t in the set E. 



(3.1) 
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We shall obtain from (3.1) that there exist a positive number 5 with 5 < T* and a 
control v$ in the set U a d such that the following holds: 

y(T*-5;v 5 ,y )=y(T*;u*,y ). (3.2) 

Thus, T* could not be the optimal time for the problem (P), which leads to a contradic- 
tion. 

We first observe that 

y(T* - 5; v s , y ) = G(T* - 5)y + F ~ & G(T* - 5 - a) Xw v 5 {a)da, 

Jo 

y(T*;u*,y ) = G(T*)y + f G(T* - a) X .u*(a)da. 

Jo 

Hence, (3.2) is equivalent to the following: There exist a positive number S with 5 < T* 
and a control v$ in the set U a d such that the following holds: 

f T ~ S G(T* -5-a)x„vs(*)da = [G(T*)-G(T* -5)]y + f G(T* -a) X „u*(a)da. (3.3) 

Notice that for any positive number 5 with 5 < T*, we have 

[ T G(T*-a) Xu) u*(a)da 

° 5 T* 

= I G(T* - a) X .u*(a)da + [ G(T* - a) Xu) u*(a)da 

8 5 T*-S 

= G(T* -5) ( G{5 - a) Xl ^u*(a)da + / G(T* -5- a) Xi ,u*(5 + a)da 
Jo Jo 



and 

[G(T*) - G(T* - 5)]y = G(T* - S)[(G(5) - I)y }. 

Therefore, (3.3) is equivalent to the following: There exist a positive number 5 with 5 <T* 
and a control vs in the set U a d such that the following holds: 



[ T 5 G(T* - 5 - a) Xw v 5 {a)da 

5 
= G(T* -6)[f G(5- a) XuJ u*(a)da + (G(S) - I)y ] 
Jo 

+ / G(T* -5- a) Xu! u*(a + 5)da 
Jo 

= G(T*-5)h 5 + [ ' G(T* - S - a) XuJ u*(a + 6) da, 
Jo 



(3.4) 



where 



h s = [ S G(5 - a) Xu) u*(a)da + (G(5) - I)y . (3.5) 

JO 
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For each positive number 5, we write Eg for the set {t; t + 5 G E} and denote by xe s 
the characteristic function of the set E$. We first claim the following: For each positive 
number 5 sufficiently small, there exists a control us in the space L°°(0, oo; L 2 (f2)) such 
that 

\\us(t)\\z2((i) < — for almost all t > 0, (3.6) 

and such that 

y(T* - 5; X e s u 5 , 0) = G(T* - 5)h 5 . (3.7) 

Recall that y(t\XE s us-,fy is the solution of the controlled heat equation (1.1) with u and 
yo being replaced by Xe s u$ and respectively, and that ip(t) = G(t)hs is the solution of 
the equation (1.1) with u and yo being replaced by and hs respectively. Then, what 
we claimed above is obviously equivalent to the following: For each positive number 5 
sufficiently small, there exists a control u§ with the estimate: 

II^WIIl 2 ^) < 77 f or almost all t > 0, 

such that the following holds: 

Z 5 (T* -5) = 0, 

where z s (t) is the solution to the following controlled heat equation: 

j z s t (t) - Az s (t) = x.XE 5 {t)u 5 {t) in (0,T* - 5), 

{ z*(0) = -h s . (3 ' 8) 

However, by Theorem 2.1, there exist positive numbers 5q and L such that for each S with 
< 5 < 5o, there is a control us in the space L°°(0, T* — 5; L 2 (Q)) with the estimate: 

\\ u s\\L^(o,T*-5;L 2 (n)) < -^ll^Ula^), (3.9) 

such that the following holds: 

z s (T*-5) = 0. (3.10) 

On the other hand, by (3.5), we can get a positive number 5 such that for each positive 
number S with S < S, the following holds: 

\\hs\\l H n) < i^/L. 

This, together with (3.9), implies that for each positive number 5 with 5 < min{<5o,£}, 
there is a control us with the estimate: 

\\ u &\\L^(fd,T*-5;L 2 (Q)) < 2' (3-11) 

such that the corresponding solution z s to the equation (3.8) satisfies (3.10). 



18 



Next, we fix such a positive number 8 and the corresponding control us that (3.10) 
and (3.11) hold. Then we extend the control us(-) by setting it to be zero on the interval 
(T* — 5, oo), and still denote the extension by us(-). Clearly, this extended control us is 
in the space L°°(0, oo; L 2 (Q)) and makes (3.6) and (3.7) hold. Thus, we have proved the 
above mentioned claim. 

Now, we take an element u from the control set U and construct a control Vs by 
setting 



It is clear that vs(-) : [0, oo) — > L 2 (Q) is measurable. We shall prove vs(t) G U for 
almost all t > 0. Here is the argument: When t is in the set [0, T* — 8] n Es, we have 
t + 5 G E. Then by (3.1), we get B(u*(t + 5), §) G U. Since ||u*(f)|| L a ( n) < f for almost 
all £ > 0, we have 



namely, v s {t) G B(u*(t+S), §) for almost all t in the set [0, T*-5]nE 5 . Hence, v 5 (t) G U for 
almost all t in the set [0, T*-8]nE s . On the other hand, for almost all t G [0, T*-5]n(E 5 ) c , 
we have vs{t) — u*(t + 8) G U. Therefore, we have proved vs G U a d- 

Then, by (3.7) and (3.12), we see easily that this control vs makes the equality (3.4) 
hold, which leads to a contradiction to the optimality of T* for the problem (P). Thus 
we have proved u*(t) G dU for almost all t G [0, T*\. 

Finally, if the control set U has the additional property: Xu>U C U, then we have 
Xuj u * G U a d- It is clear that y(T*; Xu> u * ,Uo) — y(T*;u*,yo). Thus, Xu u * is a l so an optimal 
control for the problem (P). Hence, it holds that Xu u *(t) G dU for almost all t G [0, T*\. 
This completes the proof. ■ 

By Theorem 3.1, we immediately get the following consequence. 

Corollary 3.2. Suppose that the control set U is the ball B(0, R) with R > and the 
target set S is nonempty in L 2 (Q) . Let T* be the optimal time and u* be an optimal control 
for the problem (P). Then it holds that ||Xa;' u *('^)l|L 2 (n) — R f or almost all t G [0, T*\. 

Remark 3.3. From the proof of Theorem 3.1, we see that if an admissible control 
«(•, t) does not take its value on the boundary of the control set U in a subset of positive 
measure in the interval [0,T], where the number T is such that y(T;u,y ) G S, then 
there exists a "room" for us to construct another admissible control v such that the 
corresponding trajectory y(t;v,y ) reaches y(T;u,yo) before the time T. Hence, such an 
admissible control u can not be optimal. This idea has been used in [4], [11], [13] and 
[16]. The key point is how to use this "room" to construct such an admissible control v. 
In this work, the null controllability property (C) ( Theorem 2.1) leads us to such a way. 
It was already observed in [13] that the null controllability of the boundary controlled 
one-dimensional heat equation in (0, 1) x (0, T), with controls restricted on an arbitrary 




u*(t + 5)+ X E 6 (t)u s (t), if i G [0, T* — 8], 

Un, iit>T*-8. 



(3.12) 
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subset E C [0,T] of positive measure leads to a bang-bang principle of time optimal 
boundary controls for the one-dimensional heat equation. 

Next, we shall use Theorem 2.1 to derive the uniqueness of the optimal control for the 
problem (P) with certain target sets and control sets. 

Theorem 3.4. Suppose that the target set S is convex and nonempty and the control 
set U is a closed ball. Then the optimal control of the problem (P) is unique. 

Proof. Let U to be the closed ball B{vq,R) in L 2 (Q), centered at Vq and of positive 
radius R. Let T* be the optimal time for the problem (P). Seeking a contradiction, we 
suppose that there exist two different optimal controls u* and v* for the problem (P). 
Then there would exist a subset E\ of positive measure in the interval [0, T*], such that 
u*(t) ^ v*(t) for every t G E\. We first observe that 

y(T*;u*,y ),y(T*;v*,y ) G S. 

Then we construct a control w*(t) by setting 

w *(q = u*(t)+v*(t) for aU t ^ ^ ^ 

It is clear that w* G U ad . Moreover, since S is convex, we have 
On the other hand, we see that for almost all t G Ei, 

\\in*(A 1, II 2 - O(\\ u *( t )- V ||2 i \\ v*(t)-v \\2 \ \\ u*(t)-v v*(t)-v ||2 

\\ W \ l ) u o\\L 2 (n) — Z \\\ 2 llL 2 (Q) "T" II 2 \\L 2 (n)) II 2 2^ llL 2 (n) 

= i2 2 -J||«*(0-«*(*)lli a( n) 
<i? 2 . 

Thus, there exist a positive number e and a subset E of positive measure in the set E 1 
such that for each t E E, d(w*(t),dB(vo,R)) > e. Then, we can use the same argument 
as that in the proof of Theorem 3.1 to derive a contradiction to the optimality of T*. This 
completes the proof.! 

With regard to the existence of the time optimal controls for the problem (P), we 
recall (See [17].) that if the target set S is closed and convex in L 2 (Q), which contains the 
origin in L 2 (£l), and if the control set U is the ball 5(0, R) with R > 0, then the problem 
(P) with any initial data G L 2 (Q) has an optimal control. ( See also [14].) Thus, by 
combining Corollary 3.2, Theorem 3.4 and the existence result mentioned above, we have 
the following consequence. 

Theorem 3.5. Suppose that the target set S is a closed, convex and nonempty subset, 
which contains the origin of L 2 (Vt), and the control set U is the ball B(0,R) with R > 
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0. Then the problem (P) has a unique optimal control u* which satisfies the bang-bang 
property: \\Xu) u *(t) ||l 2 (^) = R for almost all t G [0, T*\, where T* is the optimal time for 
the problem (P). 
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